Abstract. A tendency in the theory of aggregation functions is the generalization of the monotonicity condition. In this work, we examine the latest developments in terms of different generalizations. In particular, we discuss strengthened ordered directional monotonicity, its relation to other types of monotonicity, such as directional and ordered directional monotonicity and the main properties of the class of functions that are strengthened ordered directionally monotone. We also study some construction methods for such functions and provide a characterization of usual monotonicity in terms of these notions of monotonicity.
points that trivially satisfy the conditions for each of the types of monotonicity. In Section 4 we discuss some relevant properties of the different notions of monotonicity, as well as the relations that exist among them. In Section 5 we present various construction methods for functions that are monotone in each sense. We finish this work with a characterization of the usual condition of monotonicity in terms of the different generalizations, in Section 5, followed by some brief concluding remarks.
Preliminaries
Let n ∈ N, with n ≥ 2. We refer as x = (x 1 , . . . , x n ) ∈ [0, 1] n to points in the unit hypercube and as − → r = (r 1 , . . . , r n ) ∈ R n to vectors connoting a direction in R n .
The notion of monotonicity is highly related to the concept of order. In this work we consider the usual partial order of [0, 1] n , i.e., given x, y ∈ [0, 1] n ,we say x ≤ y if x i ≤ y i for every i ∈ {1, . . . , n}.
Like in the case of OD monotone functions, the points of the domain whose components are decreasingly ordered play an important role in the framework of SOD monotone functions. We use the following notation for the set of these points: Let H ⊂ R n , then we set H (≥) = {(h 1 , . . . , h n ) ∈ H | h 1 ≥ · · · ≥ h n } and H (≤) , H (>) , H (<) , H (=) accordingly.
In order to impose that some points' components are decreasingly ordered, it is common to use permutations. Let S n be the set of all permutations of n elements, σ ∈ S n and x ∈ [0, 1] n , we denote by x σ the tuple (x σ(1) , . . . , x σ(n) ). Note that for x, y ∈ R n , it holds that x ∈ [0, 1] n if and only if x σ ∈ [0, 1] n . Moreover, for x, y ∈ [0, 1] n and σ ∈ S n , it holds that (x + y) σ = x σ + y σ , and x · y = x σ · y σ , where x · y denotes the scalar product given by x · y = n i=1 x i y i . The notion of directional monotonicity, or monotonicity along a ray − → r , was introduced in [5] , generalizing the notion of monotonicity for functions from
Directional monotonicity generalizes weak monotonicity, introduced in [19] , which is the particular case of considering as direction the vector − → 1 = (1, . . . , 1). OD monotonicity was presented in [4] . The direction of increasingness of functions that are OD − → r -increasing varies in terms of the relative sizes of the input.
and − → r ∈ R n , we say that F is ordered directionally, OD, − → r -increasing (decreasing), if for all c > 0, σ ∈ S n and x ∈
3 The class of strengthened ordered directionally monotone functions
The concept of SOD monotonicity has been more recently introduced in [11] . It is based on OD monotonicity, in fact the difference between both concepts is that SOD monotone functions are not asked to satisfy the condition of comonotonicity between x σ and x σ + c − → r .
If a function is simultaneously (OD, SOD) − → r -increasing and (OD, SOD) − → r -decreasing, we say that the function is (OD, SOD) − → r -constant. The case of − → r = − → 0 is trivial for the three notions of monotonicity. In fact, every function is (OD, SOD) − → 0 -constant. An OD monotone function F is required to satisfy the inequality F (x + c − → r σ −1 ) ≥ F (x) for points that satisfy the comonotonicity condition
, whereas a SOD monotone function F is required to satisfy the same inequality for points that satisfy that condition and for points that do not. Therefore, SOD − → r -increasingness implies OD − → r -increasingness. However, the converse statement does not hold.
One of the particularities of each notion of monotonicity is the set of points that satisfy the monotonicity conditions trivially. On the one hand, in the case of directional monotonicity, i.e., − → r -increasing functions, the points that trivially satisfy the conditions are those
n for all c > 0. On the other hand, for a function F that is OD (SOD) − → r -increasing, such set of points is formed by those
For the case n = 2, we show in Table 1 the relation of directions (given in terms of the angle that they form with respect to the non-negative horizontal axis) and points that, for each notion of monotonicity, trivially satisfy the conditions. Table 1 . Directions (in terms of their angle α w.r.t. the non-negative horizontal axis) and points that trivially satisfy the monotonicity conditions for directional, ordered directional and strengthened ordered directional monotonicity
tonicity with which we deal in this paper. Let
and the remaining sets of directions
We derive from the definition the first relation among these sets of directions.
Then the following items hold:
The following two results are also obtained from the definition of the different notions of monotonicity.
The vectors' magnitude has no influence whatsoever in the qualification of such vectors as directions of (OD, SOD) increasingness. Therefore, it is possible to limit the set of directions to normalized vectors, i.e., vectors of norm 1, as it is shown in the next Proposition. The following result reveals a difference between the classes of directionally and ordered directionally monotone functions and the class of strengthened ordered directionally monotone functions.
Proof. Case of directional monotonicity: Let F be − → r -increasing and let x ∈ [0, 1] n and c > 0 such that
hence F is (− − → r )-decreasing. Similarly, one can show the converse statement.
Case of ordered directional monotonicity: Let F be OD − → r -increasing and let x ∈ [0, 1] n , c > 0 and σ ∈ S n such that
Thus, it holds that
therefore F is OD (− − → r )-decreasing. The converse is analogous.
In [11] it is shown that Proposition 5 does not generally hold for SOD monotonicity, which indicates that whereas the results for (ordered) directional increasingness can be readily extended to (ordered) directional decreasingness, it is not generally the case for the results of SOD monotonicity. This fact is patent in the upcoming results on duality (Section 5).
The next three theorems concern the directions of (OD, SOD) increasingness for functions with some known directions of (OD, SOD) increasingness. The first one, regarding directional monotonicity can be found in [5] ; the second, about ordered directional monotonicity, in [4] ; and the third, regarding strengthened ordered directional monotonicity, in [11] . 
Therefore if a function F is (OD, SOD) increasing in two directions − → r and − → s , under the assumptions of the preceding theorems, it is also (OD, SOD) increasing in the direction resulting from a positive linear combination of − → r and − → s .
Construction methods
In this Section we show how to construct (ordered, strengthened ordered) directionally monotone functions from functions that have the same type of monotonicity. First, we present some results that establish the relation of a function and its dual according to these generalizations of monotonicity.
Proof. Case of directional monotonicity: Let c > 0 and
The cases of OD and SOD monotonicity are straightforward.
As a consequence, the fact that (F c ) c = F yields the following result.
if and only if both
F and F c are (OD, SOD) − → r -increasing. Additionally, the following equalities hold:
Under the conditions of Proposition 6, it is clear that F is (OD) − → r -increasing if and only if F c is (OD) (− − → r )-increasing. However, that statement is not generally so for SOD monotonicity. Proposition 6 and the next result provide the relation of a function and its dual in terms of the directions for which each is (ordered, strengthened ordered) directionally monotone.
(ii) Case of ordered directional monotonicity: Let F be OD − → r -increasing and let x ∈ [0, 1] n . Let σ ∈ S n and c > 0 such that
. Set y = 1−x and τ ∈ S n such that τ (i) = σ(n−i+1) for all i ∈ {1, . . . , n}. Thus, one can verify that τ −1 (i) = n − σ −1 (i) + 1, and that (
The converse is straight since − − − → r
Similarly, one can show the case of strengthened ordered directional monotonicity.
Recall that given a function
At this point, we expose how a(n) (ordered, strengthened ordered) directionally monotone function can be constructed from a set of n functions with the same type of monotonicity.
In particular, the convex combination of m (OD, SOD) directionally monotone functions is a function with the same kind of monotonicity.
Characterization of monotonicity in terms of its different generalizations
The following theorem gives a characterization of the usual condition of increasingness in terms of the different forms of monotonicity discussed in this paper. This result has acquired its present form along with the introduction of the different notions of monotonicity. In [5] , one can find the proof of the equivalence of the first two items. the third item was added in [4] , and one can find its current presentation in [11] . (i) F is increasing; (ii) F is − → e i -increasing for every i ∈ {1, . . . , n};
(iii) F is OD − → e i -increasing for every i ∈ {1, . . . , n};
(iv) F is SOD − → e i -increasing for every i ∈ {1, . . . , n}.
As a consequence, we have another characterization of usual monotonicity, in terms of vectors for which all the components are positive instead of canonical vectors.
The following are equivalent:
Another interesting result is the characterization of weak monotonicity in terms of the other generalizations of monotonicity. Weak monotonicity is a particular case of directional monotonicity which only considers the vector − → 1 = (1, . . . , 1) as a direction. We have presented the concept of strengthened ordered directional monotonicity, the latest generalization of monotonicity in the literature. We have also discussed some of the main properties and the links among the different stateof-the-art weaker forms of monotonicity, namely, weak monotonicity, directional monotonicity, ordered directional monotonicity and strengthened ordered directional monotonicity. Moreover, we have highlighted some construction methods for classes of functions that are monotone according to the discussed types of monotonicity and we have provided a characterization of the usual condition of monotonicity in terms of directional, ordered directional and strengthened ordered directional monotonicity.
